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Ultracold gases (cold atoms)
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• Temperatures in nK-mK range

• Bose-Einstein condensation

• Precision measurements (atomic clocks)

• Quantum technologies



Ultracold gases (cold atoms)
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Dipolar gases:

• Lanthanide magnetic atoms

• Anisotropic and long-range
dipolar interactions

• Quantum simulation, many-
body physics, …

• Temperatures in nK-mK range

• Bose-Einstein condensation

• Precision measurements (atomic clocks)

• Quantum technologies

M. Norcia & F. Ferlaino, Nat. Phys. 17, 1349 (2021)
L. Chomaz et al., Rep. Prog. Phys. 86, 026401 (2023)



Atomic data for laser-cooling
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Many cycles of
absorption – spontaneous emission

Vescent website
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Atomic data for laser-cooling
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Many cycles of
absorption – spontaneous emission

Vescent website

Need Aik Einstein coefficients, branching ratios, line strengths… 
to characterize cooling and trapping efficiencies
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Laser-cooling scheme for neutral Er
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4𝑓126𝑠2 3H6

J. J. McClelland et al., PRL 96, 143005 (2006)
G. A. Phelps et al., arxiv:2007.10807 (2020)



Laser-cooling scheme for neutral Er
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4𝑓126𝑠2 3H6

𝟒𝒇𝟏𝟐(𝟑𝐇𝟔) 𝟔𝒔𝟔𝒑 (
𝟑𝐏𝟏

𝐨)
(𝟔, 𝟏)𝟕

𝐨

𝟒𝒇𝟏𝟐(𝟑𝐇𝟔) 𝟔𝒔𝟔𝒑 (
𝟏𝐏𝟏

𝐨)
(𝟔, 𝟏)𝟕

𝒐

→ 4𝑓12(3H6) 5𝑑6𝑠 (
1D2)

J. J. McClelland et al., PRL 96, 143005 (2006)
G. A. Phelps et al., arxiv:2007.10807 (2020)



The species under consideration
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Er+Ho2*

Er2



The species under consideration
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Er+Ho2*

Er2

Nd (odd) energy levels:
G. Hovhannesyan & M. Lepers
Phys. Scr. 98 025407 (2023)



The species under consideration
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Er+Ho2*

Er2

Ln+

e-

• Ho Rydberg states
J. Hostetter et al., Phys. Rev. A 91, 012507 (2015) 

• Er Rydberg states
A. Trautmann et al., Phys. Rev. Research 3, 033165 (2021)

Nd (odd) energy levels:
G. Hovhannesyan & M. Lepers
Phys. Scr. 98 025407 (2023)



Einstein Aik coefficients for lanthanides – Er+
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418 experimental Aik for [289; 1984] nm, levels up to 46750 cm-1

• Many measurements published
by the Wisconsin group

Ex: for Er+, J.E. Lawler et al., 
ApJSS 78, 171 (2008)



Einstein Aik coefficients for lanthanides – Er+
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418 experimental Aik for [289; 1984] nm, levels up to 46750 cm-1

• Many measurements published
by the Wisconsin group

Ex: for Er+, J.E. Lawler et al., 
ApJSS 78, 171 (2008)

BUT: 21 000+ possible transitions (with E1 approximation) 

Use experimental Aik to adjust a set of appropriate parameters

Predict non measured Aik coefficients
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Principle of the calculations



Semi-empirical calculations of energies
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1. Ab initio calculations (Hartree-Fock + relativistic = HFR) for a set 
of chosen electronic configurations =>  𝑃𝑛𝑙(𝑟)

2. Building the atomic Hamiltonian for each parity and J

H = radial part 𝑷𝒏𝒍(𝒓) × angular part (Racah algebra)

Eigenvalues (energies) & eigenvectors (Landé g factors, Aik)

3. Least-square fitting of energies by adjusting radial parameters

Robert D. Cowan’s suite of codes
A. Kramida, Atoms 7, 64 (2019)

Similar for energies and Einstein Aik coefficients
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Semi-empirical calculations of Aik coefficients
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𝐴𝑖𝑘 =
𝜔𝑖𝑘
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Semi-empirical calculations of Aik coefficients
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𝐴𝑖𝑘 =
𝜔𝑖𝑘
3 𝑖 𝐝 𝑘 2

3𝜋𝜀0ℏ𝑐
3 2𝐽𝑖 + 1

𝐴𝑖𝑘 ≡ 𝐴𝑡 = ෍

𝑗

𝑎𝑡𝑗 × 𝑟𝑗

2

𝑎𝑡𝑗 depend on eigenvalues and eigenvectors (previous slide)

𝑟𝑗 = 0׬
+∞

𝑑𝑟𝑃𝑛𝑙 𝑟 𝑟𝑃𝑛′𝑙′ 𝑟 = adjustable parameters

(𝑛𝑙, 𝑛′𝑙′) safistify the electric-dipole selection rules

𝑟𝑗 = 𝑓𝑗 × 𝑟𝑗,HFR

ȁ ۧ𝑖, 𝑘 =෍

𝑏
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Involved configurations in Er+

1810/07/2023 M. Lepers



Involved configurations in Er+
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Involved configurations in Er+
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Involved configurations in Er+
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Involved configurations in Er+
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10 adjustable rj parameters, 5 groups



Semi-empirical calculations of Aik coefficients
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Linear standard deviation



Semi-empirical calculations of Aik coefficients
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Linear standard deviation Logarithmic standard eviation
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Results for erbium



Fitted energy levels
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Experimental levels
from NIST databasze

Ground level:
[Xe]4f12(3H6)6s 4H13/2



Fitted energy levels
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Parity even odd

𝑵𝐥𝐞𝐯 130 233

𝑵𝐩𝐚𝐫 25 21

𝝈𝑬 (cm-1) 55 63

Standard deviation:

𝝈𝑬 =
σ𝑖=1
𝑵𝐥𝐞𝐯 𝐸cal,𝑖 − 𝐸exp,𝑖

2

𝑵𝐥𝐞𝐯 −𝑵par

Τ1 2

Experimental levels
from NIST databasze

Ground level:
[Xe]4f12(3H6)6s 4H13/2

J.-F. Wyart and J. E. Lawler, 
Phys. Scr. 79, 045301 (2009)



Predicted energy levels
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Experimental levels (long dashes) + predicted levels (short dashes)



Fitting of Aik coefficients

2910/07/2023 M. Lepers

0.61 < most ratios < 1.65

Group
Number

Subshell
pair

Scaling
factor

1 4f12𝟔𝐬 𝑟 4f12𝟔𝐩 0.886

2 4f11𝟔𝐬𝟐 𝑟 4f126s𝟔𝐩 0.876

3 4f115d𝟔𝐬 𝑟 4f125d𝟔𝐩 0.797

4 All 𝟓𝐝 𝑟 𝟔𝐩 0.808

5 All 𝟒𝐟 𝑟 𝟓𝐝 0.817

𝜎A (s-1) 4.66 x 106

𝜎lgA 0.217

2.2 % of the largest Aexp



Aik coefficients
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Including all experimental transitions

22 transitions with ratio < 0.2 or > 5 



Aik coefficients
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Including all experimental transitions

A. Kramida, FST 63, 313 (2013)



Dynamic dipole polarizability (Er+)
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𝛼scal(𝜔) =
2

3ℏ 2𝐽 + 1
෍

𝛽′𝐽′

𝜔𝛽′𝐽′,𝛽𝐽

𝜔𝛽′𝐽′,𝛽𝐽
2 − 𝜔2

𝛽′𝐽′ 𝐝 𝛽𝐽 2



Dynamic dipole polarizability (neutral Er)

3310/07/2023 M. Lepers

Comparison with ultracold experiment (Innsbruck)

J. H. Becher et al., Phys. Rev. A 97, 012509 (2018)



Conclusion & propospects
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➢ Calculation of Aik coefficients for complex cold atoms

➢ Using least-square fitting to experimental values

➢ Package FitAik working in interaction with Cowan

https://gitlab.com/labicb/fitaik/

➢ Publication in CaDDiAcS database

https://vamdc.icb.cnrs.fr/caddiacs/

➢ Results for Er+, but also Er, Dy, Ho, Cr, Nd

➢ Future calculations: Tm, Tm+, …
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Thank you for your attention !



Angular part of the Hamiltonian

3610/07/2023 M. Lepers

ȁ ۧ𝑏 = ȁ ۧ𝑛1𝑙1
𝑤1 𝛼1𝐿1𝑆1, 𝑛2𝑙2

𝑤2 𝛼2𝐿2𝑆2, 𝐿𝑆𝐽𝑀

Angular basis sets (in LS coupling)

• Orbital angular momentum: 𝐿 = 𝐿1 + 𝐿2
• Spin angular momentum: Ԧ𝑆 = Ԧ𝑆1 + Ԧ𝑆2
• Total angular momentum: Ԧ𝐽 = 𝐿 + Ԧ𝑆

Ex: Er+ ground level: [Xe]4f12(3H) 6s(2S) 4H13/2

𝑳𝟏 = 𝟓
𝑺𝟏 = 𝟏

𝑳𝟐 = 𝟎
𝑺𝟐 = 𝟏/𝟐

𝑳 = 𝟓
𝑺 = 𝟑/𝟐
𝑱 = 𝟏𝟑/𝟐



Landé-g factors
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Magnetic moment: Ԧ𝜇 = −𝜇𝐵 × 𝑔 × Ԧ𝐽

Std. Dev. = 0.056



Landé-g factors

3810/07/2023 M. Lepers

Magnetic moment: Ԧ𝜇 = −𝜇𝐵 × 𝑔 × Ԧ𝐽



Scaling factors and standard deviations
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CaDDiAcS database
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Laser-cooling of Er+?
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Laser-cooling of Er+?
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M. Lepers et al., Phys. Rev. A 93, 011401 (2016)


